The purpose of this paper is to investigate acoustic wave scattering by a large number of bubbles in a liquid at frequencies near the Minnaert resonance frequency. This bubbly media has been exploited in practice to obtain super-focusing of acoustic waves. Using layer potential techniques, we derive the scattering function for a single spherical bubble excited by an incident wave in the low frequency regime. We then propose a point scatterer approximation for N bubbles, and describe several numerical simulations based on this approximation, that demonstrate the possibility of achieving super-focusing using bubbly media.
Introduction
In this paper, we are concerned with acoustic wave propagation in bubbly media. In particular, we are interested in the effect on the imaginary part of the Green's function of exciting bubbles at frequencies near the Minnaert resonance frequency [1] . It is well known that the focal spot size which limits the resolution limit in imaging is dependent on the imaginary part of the Green's function due to the Helmholtz-Kirchoff theorem [2] . Physical experiments have shown that it is possible to focus waves at the sub-wavelength scale by exploiting the strong scattering property of acoustic bubbles at their Minnaert resonance [3] . The Minnaert resonance is a quasi-static resonance in which the bubble size is much smaller than the wavelength of the incident wave. We use layer potential techniques to explicitly determine the acoustic surface potentials for a single bubble in the quasi-static regime, in which sound propagation can be neglected and the pressure field on the surface of the bubble may be considered a constant [4] . Knowledge of the acoustic potential corresponding to the exterior domain enables us to the derive the scattering function for a single bubble, which has a similar expression to the scattering function found in the physical literature. The Minnaert resonance corresponds to the value at which the scattering function is maximized.
In [5] , a rigorous mathematical justification of the Minnaert resonance in the case of a single bubble in a homogeneous medium is established. The acoustic properties of the bubble are analysed, and the approximate formula for the Minnaert resonance of an arbitrary shaped bubble is derived. In [6] , the opening of a sub-wavelength phononic bandgap is demonstrated by considering a periodic arrangement of bubbles and exploiting their Minnaert resonance. As shown in [7] , around the Minnaert resonant frequency, an effective medium theory can be derived in the dilute regime. Furthermore, above the Minnaert resonant frequency, the real part of the effective modulus is negative and consequently, the bubbly fluid behaves as a diffusive media for the acoustic waves. Meanwhile, below the Minnaert resonant frequency, with an appropriate bubble volume fraction, a high contrast effective medium can be obtained, making the subwavelength focusing or super-focusing of waves achievable [8] . These properties show that the bubbly fluid functions like an acoustic metamaterial and indicate that a sub-wavelength bandgap opening occurs at the Minneaert resonant frequency [9] . We remark that such behaviour is rather analogous to the coupling of electromagnetic waves with plasmonic nanoparticles, which results in effective negative or high contrast dielectric constants for frequencies near the plasmonic resonance frequencies [10] [11] [12] . In addition to the above works, we refer the literature [13] [14] [15] [16] for the mathematical study of wave propagation in bubbly media using the homogenization theory.
By generalizing the approach of Ammari et al. [5] to the case of N bubbles all having the same radius, we obtain an N × N block matrix in which the diagonal terms represent bubble self-interaction, while the off-diagonal terms represent the interaction between different bubbles. Letting the size of the bubbles go to zero we derive the point scatterer approximation which reduces the problem to an N × N linear system, which is recognizable as the classical Foldy-Lax formulation for a scattered field due to a collection of point scatterers [17] .
We numerically simulate the system of point scatterers to analyse the super-focusing phenomenon observed in [3] and to demonstrate that it is possible to spatially localize a time-reversed signal to a very high degree of accuracy in a bubbly media.
Owing to the Helmholtz-Kirchhoff theorem, the sharper the imaginary part of the Green's function, the smaller the focal size and the higher the resolution achieved [2, 8, 18] . To better understand the effect of the bubbly medium on the imaginary part of the Greens function, we excite the point scatterers over a wide range of frequencies. By averaging the imaginary part of the Green's function over a range of frequencies, we demonstrate that sub-wavelength focusing is achievable in the region slightly below the Minnaert resonance frequency.
The paper is organized as follows. In §2, we formulate the scattering problem for a single bubble and derive the scattering function. In §3, we derive the point scatterer approximation for a system of N bubbles. In §4, we demonstrate the super-focusing phenomenon by numerically showing that the imaginary part of the Green's function becomes sharper when the incident wave frequency is close to the Minnaert resonance frequency.
Single bubble
The purpose of this section is to justify the usual scattering function that one can find in the literature for bubbles. We explain the physical argument given in [17] using a layer potential approach [4] . In what follows we will only consider spherical bubbles. This is not a strong assumption for the phenomena we are interested in, and it already contains all the properties of a more complicated model [5] . We first consider a single bubble, which will be represented by a sphere D of radius R, centred at the origin:
We denote by ρ b and κ b , the density and the bulk modulus of the air inside the bubble, respectively, and let ρ w and κ w be the corresponding parameters for the background media R 3 \D. We denote by u the total pressure field, and by u in the incoming pressure wave. The scattering problem in Fourier space can be modelled by the following equations:
We introduce four auxiliary parameters to facilitate our analysis:
c w and c b represent the speed of sound in the background media and in the bubble, respectively. We also introduce the dimensionless contrast parameter δ = ρ b ρ w and note that for water and air in regular conditions we have that δ ≈ 1.2 × 10 −3 .
(a) Layer potentials
We use layer potentials to represent the solution to the scattering problem (2.1). Let the single layer potential S k D associated with the domain D and the wavenumber k be defined by
is the Green's function for the Helmholtz equation in R 3 , subject to the Sommerfeld radiation condition. We also define the boundary integral operator K k, * D by
Then the solution u of (2.1) can be written as
for some surface potentials ψ w , ψ b ∈ L 2 (∂D). Using the jump relations for the single layer potentials, the system (2.1) is equivalent to solving the boundary integral equation: where
Note that on the surface of the bubble, we have u in (x) = u in (0) + O(k w R), and ∂u in /∂ν = O(k w R). If the wavelength is much larger than the size of the bubble, i.e. k w R 1, then we may approximate u in by u in (0) and ∂u in /∂ν by 0 on the surface of the bubble, respectively. In this case, we may look for solutions to (2.4) with the right-hand side given by ( 1 ∂D 0 ). Thanks to the spherical symmetry of D, the operator A D can be diagonalized by spherical harmonic functions. We denote by X = L 2 (∂D) × L 2 (∂D), and we define the two-dimensional subspace X 1 of X by
The breathing approximation [17] consists into projecting the equation (2.4) on X 1 . More specifically, we write ψ b/w = C b/w 1 ∂D , and we solve the 2 × 2 equation
where A D is the 2 × 2 matrix containing the coefficients of A D in the basis (2.6) . The values of the components of A D are deduced from the next lemma (see §5a for the proof).
Lemma 2.1. It holds that
By introducing the dimensionless parameters
After some straightforward calculations, we obtain
Note that in the breathing approximation, we assume that x b , x w 1 (we will see in the sequel that x b , x w ≈ 0.1 in the regime we are interested in), so that indeed sin(x w ) = 0, and the expression (2.8) makes sense. 
, whose expression was given in lemma 2.1. Together with (2.8), we obtain that the value of u s on the boundary ∂D is
The complex-valued dimensionless function
is called the scattering function. It links the value of the incoming pressure on the boundary of the bubble to the value of the radiated pressure on the same boundary. Using the scattering function, we have the following monopole approximation for the scattered field
Let us study the function f s . The Minnaert resonance corresponds to the point
To the leading order in δ, we find x M ≈ √ 3δ ≈ 0.06, which is the expression that was derived by Minnaert [1] . At this particular frequency, it holds that
Hence, at the Minnaert frequency, the pressure gains a phase of e iπ/2 , and the amplitude is multiplied by a factor of 70 at the boundary. In the physical literature (e.g. [9] ), the scattering function is usually approximated by the simpler function
The functions f s (ω) andf s (ω) are shown in figure 1 . Numerically, we find that sup x∈[0,0.1] |f s −f s | ≈ 0.47, so thatf s is an accurate approximation of f s .
System of N bubbles
We now consider a set of N disjoint bubbles. In order to keep the notation simple, we will assume that all the bubbles have the same radius R. This is not a very restrictive assumption, and this case contains effects we are interested in. The volume occupied by bubble number j is
The distance between the centers of bubble i and bubble j is
The non-intersecting condition implies that d ij ≥ 2R for all i = j. We, finally, denote by D := 1≤j≤N D j the volume occupied by all the bubbles. We want to solve the Helmholtz equation ( + k 2 )u = 0 subject to boundary conditions analogous to the ones in (2.1). We make the ansatz
where φ j,w/b ∈ L 2 (∂D j ) are layer potentials associated to the jth bubble. By introducing X := N j=1 L 2 (∂D j ) × L 2 (∂D j ) , this leads to a system of equations of the form
The operator A D 1 ,...,D N has the block diagonal form
where M j is the self-interaction for the jth bubble (see also (2.4) ), defined by
and where, for i = j, L i,j encodes the effect of the jth bubble j to the ith bubble:
Here, we introduced the operators S k
Such a system is usually called a system of N scatterers for the Helmholtz equation, and has been the starting point for a large number of articles (e.g. [3] ).
(a) The point scatterer approximation for N-bubbles
The point scatterer approximation for the N-bubble system comes directly from the breathing approximation on each bubble. More specifically, we assume that the pressure field applied to each bubble is constant on the boundary of this bubble. This is a good approximation when the bubbles are well separated, i.e. their distance is much greater than their size. Under this approximation, we can derive a good approximate solution for the system (3.2).
We denote by u in i the total pressure field incident on the ith bubble D i , and by u s i (x) the pressure field scattered from D i . It is clear that
Using (2.10), and the fact that |x i − x j | R (so that e ik w (|x i −x j |−R) ≈ e ik w |x i −x j | , the scattered field u s i (x) far from the ith bubble can be approximated by
By taking x = x j in the above equation and using (3.3), we obtain the following system of linear equations for u in i (x i ):
Finally, the total pressure field is the sum of the incoming wave and all the waves scattered by the different bubbles. Together with (3.4), we obtain 
Numerical illustrations
We now perform a numerical investigation of the results that have been observed in [3] to assist us in developing a mathematical theory that explains the super-focusing phenomenon. We first calculate the imaginary part of the Green's function for a bubbly medium over a range of frequencies to ascertain the optimal frequency range for super-focusing. We then simulate wave propagation through the bubbly medium to evaluate the actual focusing performance. We begin by defining the system parameters.
(a) System parameters
We take the density of water and air to be ρ w = 1.0 × 10 3 kg m −3 , and ρ b = 1.2 kg m −3 , respectively. We take the bulk modulus of water and air to be κ b = 2.07 × 10 9 N m −2 and κ b = 127 × 10 3 N m −2 , respectively. This results in a speed of sound in water of c w ≈ 1440 m s −1 .
We set the common radius of the bubbles to be R = 50 × 10 −6 m. In the light of these parameters, the Minnaert resonant frequency is ω M ≈ 59 × 2π kHz. We denote by λ w = 2π/k w the wavelength in water. We denote by λ M w the wavelength at the Minnaert resonance frequency, with λ M w ≈ 0.025 m. The scattering function f s is taken to be
where α = α rad + α th + α vis is the damping coefficient which represents dissipation due to acoustic radiation, thermal damping and viscous damping [19, 20] . α th depends on the ratio of the heat capacities of air, which we take to be γ = 1.1, and α vis depends on the viscosity of water, which we take to be η = 10 −3 Pa s. Although viscous damping is the dominant form of dissipation for very small bubbles, thermal damping domaintes for the bubble size we are considering at frequencies close to the Minnaert resonance. We neglect the effect of surface tension for simplicity. If, however, we were to consider very small bubbles, i.e. such that the radii were less than, say, 1 × 10 −5 m, then accounting for surface tension would become important [21, 22] .
(b) A priori evaluation of focusing performance via the imaginary part of the Green's function
In imaging, the imaginary part of the Green's function is the point spread function [2, 8] . Thus, the sharper the effective Im (G) is for some inhomogeneous medium (compared with Im (G) for the homogeneous background medium), the better the focusing. In this section, we investigate the properties of the imaginary part of the Green's function in the case of a bubbly medium. We remark that all simulations in this section are averaged over 25 bubble cloud configurations to make the results more apparent. We consider a source at the origin surrounded by a cube of uniformly distributed bubbles, for a range of gas volume fractions, i.e. Φ = φ × 10 −4 , where φ ∈ {0, 0.5, 1, 2}. We denote by G m (x, ω) the Green's function in the presence of the bubbles at frequency ω. Using the point interaction approximation, we have (see (3.6) )
We set ω min = 15 × 2π kHz and ω max = 155 × 2π kHz. In figure 2, we plot |Im (G m (x, ω))| when no bubbles are present, and in figure 3, we plot |Im (G m (x, ω))|, for bubble clouds of increasing volume fraction.
When the volume fraction reaches Φ = 2 × 10 −4 , we obtain a very sharp peak over the origin just below the Minnaert resonance frequency, which indicates that focusing performance should be greatly enhanced in this frequency regime. and Im(G m (x)) vanishes almost completely, indicating a severe degradation in focusing. Next, we perform the averaging well away from and above the Minnaert resonance frequency, i.e. ω − = 2 ω M and ω + = 4 ω M . It is clear that in this case the effect of the bubbles is greatly diminished and Im(G m (x)) appears much the same as it would in a bubble-free system. Finally, we perform the averaging over a range of frequencies just below the Minnaert resonance frequency, i.e. we set ω − = 0.8 ω M and ω + = 0.99 ω M . Here, we observe a very strong peak near the origin, which is indicative of the super-focusing phenomenon. The full width at half maximum (FWHM) of Im(G m (x)) is approximately λ M w /72, a huge increase over the corresponding FWHM for the imaginary part of the background Green's function which is approximately λ M w /2. The results in this section can be explained by the strong resonant coupling which occurs near the Minnaert resonance frequency.
(c) Simulating wave propagation in a bubbly medium
Our aim in this section is to simulate wave propagation through bubble clouds of increasing gas volume fractions in water, for two cases: (i) a realistic situation in which thermal and viscous damping are present; (ii) an idealized scenario in which the liquid is free from thermal and viscous damping.
In both cases, we emit a short impulse signal from the origin that propagates through the bubbly medium, and record it at a set of receivers (time-reversal mirrors) in the far-field. We then time-reverse the recorded signals and send them back towards the source. The initial impulse signal was emitted from a single point, the origin, so we are interested in how well the timereversed signals focus back at this point. In particular, we are interested in evaluating the quality of the focusing, which we judge by comparing the FWHM of the focal spot with the diffraction limit of a numerical aperture of 1, i.e. λ w /2.
Our results from the previous section suggest that super-focusing is achievable if we excite the bubbles with a reference frequency ω R which is slightly below the Minnaert resonance frequency. Hence, we choose ω R = 57.5 × 2π kHz.
We consider a source, located at the origin s = (0, 0, 0) , that is surrounded by a cube containing uniformly distributed bubbles. The length of the cube is L = 0.01 m, which is approximately half the wavelength at the Minnaert resonance. We consider several gas volume fractions, i.e. Φ = φ × 10 −4 where φ ∈ {0, 0.5, 1, 2}. Note that Φ = 2 × 10 −4 corresponds to a collection of approximately 380 bubbles. We assume that the water outside this cube does not contain any bubbles. Finally, four receivers (time-reversal mirrors) are located at r 1 = (0.05, 0, 0) , r 2 = (−0.05, 0, 0) , r 3 = (0, 0.05, 0) and r 4 = (0, −0.05, 0) .
(i) Propagating an impulse signal to the time-reversal mirrors
The simulation begins by sending a short pulse from the origin. The signal s(t) (shown in figure 5a) is given by
with t 0 = 2 × 10 −3 s and τ = 0.2 × 10 −3 s. The choice of an appropriate sampling rate and recording time is influenced by two factors. Firstly, the signal recorded at each receiver must naturally be longer than the initial impulse signal to capture the multiple scattering of waves among the bubbles. Secondly, for an inappropriate choice of sampling rate and recording interval, the signals recorded at each receiver may feature nonzero artefacts prior to t 0 which is non-causal. Choosing a numerical signal resolution of t = 0.5 × 10 −6 s, which corresponds to a sampling rate of 2 MHz, and a recording interval of [0, T] where T = 1 × 10 −1 s, captures the multiple scattering and eliminates non-causal artefacts. We remark that this sampling rate is approximately We perform the Fourier transform using MatLab's fft routine, which provides us with the Fourier-transformed values for all frequencies f ∈ [−f max /2, f max /2], with f max = 2 × 10 6 Hz and f = 10 Hz. In terms of angular frequency this corresponds to ω ∈ [−ω max /2, ω max /2], with ω max ≈ 1.3 × 10 7 Hz, and ω ≈ 63 Hz. A plot of the non-trivial part ofŝ(ω) is given in figure 5b .
Owing to the fact that the signal is real-valued, and oscillates near ω R , only the frequencies near ω R are considered. Upon truncating redundant sections of the spectrum for efficiency, we are left with approximately 11 500 Helmholtz problems to solve. We use the point scatterer model described in the previous section to solve these problems, and obtain the frequency domain representations of the recorded signalsr j (ω) for 1 ≤ j ≤ 4. Through application of the inverse Fourier transform, we retrieve the recordings in the time domain r j (t) ( figure 6 ). Note that while the initial signal is a short pulse, the recorded signal is much longer, which is due to the phenomenon of multiple echoing of waves among the bubbles.
(ii) Focusing using time-reversed waves
We now simulate time reversal. Each receiver now acts as a source, and emits the signal r j (t) = r j (T − t). Proceeding as in the forward problem, we time-Fourier transform the signal, and then solve the resulting Helmholtz problems. The time-reversed signal s (t), which arrives at the origin at approximately 0.098 s, is recorded in the interval [−0.03, 0.03] on the x 1 -axis. In figure 7 , we show the result for the case of water subject to thermal and viscous damping, for various bubble volume fractions. It transpires that super-focusing is not achieved, even though we have excited the bubbles with a seemingly optimal frequency. The FWHM of the focal spot for a bubble volume fraction of Φ = 2 × 10 −4 is approximately λ M w /2, which is essentially the same as the FWHM in the background medium, 9 . The FWHM of the focal spot in a bubbly medium subject to thermal and viscous damping (blue crossses) is approximately λ M w /2 for an excitation frequency just below the Minnaert resonance frequency. Thus there is essentially no improvement in focusing over the case of water without bubbles (black dots). On the other hand, the FWHM of the focal spot in an idealized bubbly liquid free from thermal and viscous damping (red circles) is one-tenth the diffraction limit at that same frequency. The results are normalized with respect to the FWHM in the bubble-free case. (Online version in colour.)
i.e. when there are no bubbles present. Furthermore, the amplitude of the focal spot is less than half the magnitude of the corresponding focal spot for a bubble-free medium.
The problem is that since scattering is greatly enhanced due to resonant coupling, a great deal of energy is lost via dissipation in the medium during transmission. This leads to a significant degradation in focusing performance. This phenomenon was also noted in [3] , in which the authors observed that although the Minnaert resonance frequency was the optimal excitation frequency for super-focusing in an idealized medium, when thermal and viscous damping were accounted for, the focusing enhancement was lost.
(iii) Focusing in an idealized medium
We now repeat the simulation, this time for the case of an idealized liquid free from thermal or viscous damping, although still subject to radiative damping. The results are shown in figure 8 . As the volume fraction of the bubble cloud increases, a sub-wavelength focal spot develops at the origin. A FWHM of approximately λ M w /10 is achieved, indicating super-focusing. The FWHMs for a bubbly medium subject to thermal, viscous and radiative damping, and a bubbly medium subject only to radiative damping, are shown in figure 9 . The FWHM for a fully damped bubblefree medium is also plotted for reference. We conclude that although the Minnaert resonance frequency provides the theoretically optimal frequency for focusing in the idealized case, in practical situations it is not ideal due to amplified dissipation at near resonant frequencies. Thus, examination of the imaginary part of the Green's function is not alone sufficient to predict focusing performance in this medium.
The numerical simulations in this section indicate that further analysis is required to build a deeper understanding of the interplay between resonant effects in the bubble cloud and thermal and viscous damping, with the aim being to balance the (theoretical) enhancement in focusing near the Minnaert resonance frequency with the amplified dissipation in that regime, and to derive the true optimal frequency regime for focusing in a dissipative bubbly medium. One interesting possibility is the use of bubble clouds in which the bubble radii are non-constant. Bubble clouds featuring non-uniform radius distributions have been shown to match better with theory for wave propagation in bubbly media near resonant frequencies than monodisperse mixtures [23] .
Conclusion
In this paper, we have investigated the phenomenon of super-focusing of acoustic waves in a liquid using a large number of bubbles. We formulated a layer potential representation of the scattering problem and then derived a point scatterer approximation for N bubbles, in the low frequency regime. Using this point scatterer approximation, we numerically analysed the imaginary part of the Green's function for the bubbly medium and asserted that super-focusing may be achievable at frequencies just below the Minnaert resonance frequency.
Upon numerically simulating acoustic wave propagation, it transpires that this frequency regime is, in fact, not ideal for super-focusing in practise due to severe degradation of focusing performance via enhanced dissipation at near resonant frequencies. Further simulations confirm that the Minnaert resonance provides the optimal excitation frequency only in an idealized medium which is free from thermal and viscous damping. In this situation, a sub-wavelength focal spot with a FWHM of approximately λ M w /10 is achieved. In forthcoming works, we will further investigate the connection between focusing performance and damping, and derive the correct optimal frequency regime for super-focusing in a realistic damped medium.
(a) Proof of lemma 2.1
This is a classical result, which is a special case of a more general result. It is usually proven using the properties of spherical Bessel functions (see, for instance, [24] ). We include here a simple proof for completeness.
Step 1: Proof for S k D with x ∈ ∂D. Let us first prove the result for S k D . We have that for x ∈ ∂D,
Since the problem is invariant under rotation, it is sufficient to compute the integral for x = (0, 0, R). We use the spherical coordinates Step 3: Proof for (K k D ) * . For all x ∈ ∂D, jump formula for the layer potentials lead to
Together with (5.2), we obtain
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